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We have calculated microscopically bulk viscosity of hadronic matter, where equilibrium ther-
modynamics for all hadrons in medium are described by Hadron Resonance Gas (HRG) model.
Considering pions and nucleons as abundant medium constituents, we have calculated their thermal
widths, which inversely control the strength of bulk viscosities for respective components and repre-
sent their in-medium scattering probabilities with other mesonic and baryonic resonances, present in
the medium. Our calculations show that bulk viscosity increases with both temperature and baryon
chemical potential, whereas viscosity to entropy density ratio decreases with temperature and with
baryon chemical potential, the ratio increases first and then decreases. The decreasing nature of
the ratio with temperature is observed in most of the earlier investigations with few exceptions.
We find that the temperature dependence of bulk viscosity crucially depends on the structure of
the relaxation time. Along the chemical freeze-out line in nucleus-nucleus collisions with increasing
collision energy, bulk viscosity as well as the bulk viscosity to entropy density ratio decreases, which
also agrees with earlier references. Our results indicate the picture of a strongly coupled hadronic
medium.
PACS numbers: 11.10.Wx,12.39.Ki
I. INTRODUCTION
The extraction of the transport properties of the
strongly interacting medium created in heavy ion col-
lision (HIC) experiments is currently a very active topic
of research in the HIC community. The methods of rel-
ativistic hydrodynamics with minimal viscous correction
have been quite successful in describing the time evo-
lution of the hot and dense fireball created in the HIC
experiments. These kind of investigations have also con-
cluded that the shear viscosity (η) to entropy density (s)
ratio, η/s, of the medium created in HIC experiments is
very close to its quantum lower bound 1/4π [1]. Similar
to η, another transport coefficient is the bulk viscosity, ζ,
which is defined as the proportionality constant between
the non-zero trace of the viscous stress tensor to the di-
vergence of the fluid velocity, and usually it appears as-
sociated with processes accompanied by a change in fluid
volume or density. The viscous coefficient ζ has received
much less attention than the η in hydrodynamical simu-
lations because its numerical value is assumed to be very
small, as it is directly proportional to the trace of the
energy-momentum tensor, which generally vanishes for
conformally symmetric matter [2]. However, according
to Lattice Quantum Chromo Dynamics (LQCD) calcula-
tions [3], the trace of the energy momentum tensor of hot
QCD medium might be large near the QCD phase tran-
sition, which indicates the possibility of a non-zero and
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large value of ζ as well as of ζ/s near the transition tem-
perature. This indication is confirmed by the Refs. [4, 5],
related with LQCD estimation, where Ref. [5] exposes the
possibility of divergence of ζ near the transition tempera-
ture. In recent times, different phenomenological investi-
gations [6–18] demonstrated that bulk viscosity can have
a non-negligible effect on heavy ion observables, where
the values of ζ/s in Ref. [18] is assumed to be quite large.
On the basis of phenomenological importance, micro-
scopic calculations of ζ for quark gluon plasma (QGP)
and hadronic matter is a matter of contemporary interest
in the community of HIC. A list of references are [2, 19–
37], where Ref. [19] addressed high temperature pertur-
bative QCD calculations of ζ, Refs. [20–25] have gone
through Nambu-Jona-Lasinio (NJL) model calculations
of ζ and Refs. [26–28] provided the discussions on Lin-
ear Sigma Model (LSM) estimation of ζ. These effec-
tive QCD model calculations [20–28] cover both QGP
and hadronic phases while hadronic-model calculations
of Refs. [32–37] are restricted within hadronic phase only.
The present work is also addressing the estimation of ζ in
the hadronic phase only. At vanishing baryonic chemical
potential, most of the microscopic calculations predict
that ζ(T ) increases but ζ/s(T ) decreases in the hadronic
temperature domain. However, few exceptions are there
depending on different scenario. For example, Ref. [28]
showed that the decreasing function of ζ/s(T ) is trans-
formed to an increasing function in the hadronic tem-
perature domain, when its medium constituents sigma
meson becomes heavier. Similar kind of fact is also ob-
served in Ref. [27] depending on the different nature of
phase transition as well as methodological differences of
LSM calculations. In the hadronic temperature domain,
a decreasing nature of ζ(T ) is observed in Ref. [20] while
2Ref. [33] estimated increasing ζ/s(T ). These knowledge
from the earlier investigations suggest that the nature of
ζ(T ) and ζ/s(T ) are still not very settled issues. Again,
the numerical strength of ζ and ζ/s from different model
calculations exhibit a large band - ζ ∼ 10−5 GeV3 [32]
to 10−2 GeV3 [20] or, ζ/s ∼ 10−3 [32] to 100 [20]. These
uncertainty in nature as well as numerical values of ζ(T )
from the earlier investigations demand for further re-
search on these kind of microscopic calculations. Ow-
ing to that motivation, we have gone through a micro-
scopic calculations of ζ and ζ/s, where equilibrium situ-
ations of hadronic matter are controlled by the standard
HRG model and non-equilibrium picture of medium con-
stituents is introduced via quantum fluctuation of pion
and nucleon in medium. With respect to the earlier HRG
calculations of ζ [33–36], the main distinguishable con-
tribution is in the non-equilibrium properties of medium
constituents, quantified by their thermal width. Assum-
ing pions and nucleons as most abundant constituents of
medium, we have calculated their thermal width, which
are coming from their in-medium scattering with differ-
ent possible mesonic and baryonic resonances. The main
formalism for this thermal width calculations of pion and
nucleon are explicitly described in the Section II, which
is started with a brief description HRG model, handling
the equilibrium part. Next, the numerical results are dis-
cussed in Section III and lastly, our investigations have
been summarized and concluded in Section IV.
II. FORMALISM
The HRG system is an ideal gas of hadrons and their
resonances are taken from the Particle Data Book [38].
Here we consider all resonances up to 2 GeV masses.
The recent LQCD data at zero baryon chemical potential
(µB) show that for temperatures up to the crossover re-
gion (150− 160 MeV), HRG provides a reasonably good
description of the LQCD thermodynamics [39–41]. All
thermodynamic quantities of the HRG can be computed
from the logarithm of total partition function
lnZHRG (T, µB, µQ, µS) =
∑
i
lnZis (T, µB, µQ, µS) ,
(1)
where
lnZis =
gi
2π2
V T 3
∞∑
n=1
(∓1)(n+1)
n4
(nmi
T
)2
K2
(nmi
T
)
enβµi
(2)
is the single particle partition function of the ith hadron.
In Eq. (2), gi is the degeneracy factor of ith particle with
mass mi, V is volume of the medium, and K2(..) is the
modified Bessel function. Under the condition of com-
plete chemical equilibrium, all the hadron chemical po-
tentials can be expressed in terms of only three chemical
potentials corresponding to the QCD conserved charges
µi = BiµBi +QiµQi + SiµSi (3)
where Bi, Qi and Si are the baryon number, elec-
tric charge and strangeness of the ith hadron. It is
straightforward to compute other thermodynamic quan-
tities from ZHRG, such as pressure (P ), energy density
(ǫ), entropy density (s):
P = −T
V
lnZHRG , (4)
ǫ =
1
V
{
T 2
∂ lnZHRG
∂T
+
∑
i
µiT
∂ lnZHRG
∂µi
}
, (5)
s =
1
T
{
ǫ+ P − 1
V
∑
i
µiT
∂ lnZHRG
∂µi
}
. (6)
Square of the speed of sound is defined as
c2s =
(
∂P
∂ǫ
)
ρB
, (7)
where ρB is net baryon density.
From the Relaxation Time Approximation (RTA) of
kinetic theory approach [28, 31] or from the one-loop ex-
pression of diagrammatic approach based on Kubo for-
mula [37], we can get standard expressions of bulk vis-
cosity coefficient for pion and nucleon components [28,
31, 34, 37] :
ζπ =
(gπ
T
)∫ d3k
(2π)3
nπ [1 + nπ]
ω2π Γπ
{(
1
3
− c2s
)
k
2 − c2sm2π
}2
(8)
and
ζN =
(gN
T
)∫ d3k
(2π)3
1
ω2N ΓN
[{(
1
3
− c2s
)
k
2 − c2sm2N
−ωN
(
∂P
∂ρB
)
ǫ
}2
n+N
(
1− n+N
)
+
{(
1
3
− c2s
)
k
2
−c2sm2N + ωN
(
∂P
∂ρB
)
ǫ
}2
n−N
(
1− n−N
)]
, (9)
where nπ = 1/{eωpi/T − 1} is the Bose-Einstein (BE)
distribution function of pion with energy ωπ = {k2 +
m2π}1/2, n±N = 1/{e(ωN∓µB)/T + 1} are the Fermi-Dirac
(FD) distribution functions of nucleon and anti-nucleon
respectively with energy ωN = {k2 + m2N}1/2 at finite
temperature T and baryon chemical potential µB. The
degeneracy factors of pion and nucleon components are
gπ = 3 and gN = 2× 2 respectively. Next, let us come to
the important quantities Γπ and ΓN of Eq. (8) and (9),
which are called thermal widths of pion and nucleon re-
spectively. During propagation in the medium, pion and
nucleon may go through different on-shell scattering with
other mesonic (M) and baryonic (B) resonances, which
can be quantified by their different possible self-energy
diagrams. From the imaginary part of their self-energy
functions, their respective thermal widths Γπ and ΓN
can be found. Fig. 1(a) represents pion self-energy with
internal lines of pion (π) and other mesonic resonances
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FIG. 1: Pion self-energy diagram with mesonic loops (a) and
baryonic loops [(b) and (c) are direct and cross diagrams] and
nucleon self-energy diagram (d).
(M), which we can shortly call πM loop. We will take
M = σ and ρ, as they are dominant resonances of ππ de-
cay channel (within the invariant mass range of 1 GeV).
Now, from the retarded self-energy of pion for πM loop
ΠRπ(πM)(k), the corresponding thermal width Γπ(πM) can
be obtained as
Γπ(πM) = −ImΠRπ(πM)(k0 = ωπ, ~k)/mπ , (10)
where subscript notation stands for external (outside the
bracket) and internal (inside the bracket) particles for the
diagram 1(a). Following Similar notation, we can define
Γπ(NB) = −ImΠRπ(NB)(k0 = ωπk , ~k)/mπ , (11)
where intermediate states of pion self-energy are nucleon
N and other baryonic resonance B as shown in Fig. 1(b)
along with its cross diagram (c). As a dominant 4-
star baryons with spin JB = 1/2 and 3/2, we have
taken B = ∆(1232), N∗(1440), N∗(1520), N∗(1535),
∆∗(1600), ∆∗(1620), N∗(1650), ∆∗(1700), N∗(1700),
N∗(1710) and N∗(1720). Adding all these mesonic (πM)
and baryonic (NB) loops, the total thermal width of pion
Γπ can be obtained as
Γπ = Γ
M
π + Γ
B
π =
∑
M
Γπ(πM) +
∑
B
Γπ(NB) . (12)
Similarly, one-loop self-energy of nucleon with pion (π)
and baryon (B) intermediate states, which is denoted
as ΣRN(πB) (retarded part), will be our matter of in-
terest to estimate corresponding nucleon thermal width
ΓN(πB). The diagramatic anatomy of Σ
R
N(πB) is shown in
Fig. 1(d). Here we have taken all the 4-star spin 1/2 and
3/2 baryons, mentioned above. Hence, summing all the
πB loops, we can get our total nucleon thermal width :
ΓN =
∑
B
ΓN(πB) = −
∑
B
ImΣRN(πB)(k0 = ωN ,
~k) . (13)
The imaginary part of self-energies, given in Eqs (10),
(11) and (13), have been derived with help of standard
thermal field theoretical techniques. At first, the expres-
sion for ImΠRπ(πM) is [42]
ImΠRπ(πM)(k0 = ωπ,
~k) =
∫
d3~l
32π2ωlωu
LππM (k, l)|(l0=−ωl, k0=ωk)
(nl − nu) δ(ωπ + ωl − ωu) ,
(14)
where nl, nu are BE distribution functions of π, M
mesons respectively at energies ωl = {~l2 + m2π}1/2
and ωu = {(~k − ~l)2 + m2M}1/2. The vertex factors
Lπ(πM)(k, l) [42] have been calculated by using the ef-
fective Lagrangian density,
LππM = gρ ~ρµ · ~π × ∂µ~π + gσ
2
mσ~π · ~π σ , (15)
where gρ and gσ are respectively effective coupling con-
stants of ρ meson field (~ρµ) and σ meson field (σ), which
are coupled with the pion field (~π).
Next, the direct and cross diagrams of pion self-energy
for NB loop are combinedly expressed as [44, 45]
ImΠRπ(NB)(k0 = ωπ,
~k) =
∫
d3~l
32π2ωlωu
LπNB(k, l)|(l0=−ωl, k0=ωk)
{(−n+l + n+u ) δ(ωπ + ωl − ωu)
+
(−n−l + n−u ) δ(ωπ − ωl + ωu)} ,
(16)
where n±l , n
±
u are FD distribution functions of N and B
(± for particle and anti-particle) respectively at energies
ωl = {~l2 +m2N}1/2 and ωu = {(~k ± ~l)2 +m2B}1/2 (± for
diagrams (b) and (c) respectively). With the help of the
effective Lagrangian densities for πNB interactions [43],
LπNB = f
mπ
ψBγ
µ
{
iγ5
11
}
ψN∂µπ + h.c. for J
P
B =
1
2
±
,
=
f
mπ
ψ
µ
B
{
11
iγ5
}
ψN∂µπ + h.c. for J
P
B =
3
2
±
,
(P stands for parity of B) (17)
one can deduced the vertex factors LπNB(k, l) [44, 45].
At last, the expression for ImΠRN(πB) is [46, 47]
ImΠRN(πB)(k0 = ωπ,
~k) =
∫
d3~l
32π2ωlωu
LNπB(k, l)|(l0=−ωl, k0=ωk)(
nl + n
+
u
)
δ(ωπ + ωl − ωu) ,
(18)
where nl is BE distribution functions of π at energy ωl =
{~l2 +m2π}1/2 and n+u is FD distribution of B at energy
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FIG. 2: Momentum distribution of pion thermal width for
mesonic (dash-dotted line), baryonic loops (dotted line) and
their total (solid line) and nucleon thermal width (dashed
line) at three different medium parameters: (a) (T, µB) =
(0.130 GeV, 0), (b) (0.170 GeV, 0) and (c) (0.130 GeV, 0.300
GeV).
ωu = {(~k−~l)2+m2M}1/2. With the help of the interaction
Lagrangian densities from Eq. (17), the vertex factors
LNπB(k, l) [46] have been obtained.
III. RESULTS AND DISCUSSION
Let us start our numerical discussion with the Fig. (2),
where momentum distribution of thermal widths of pion
and nucleon have been displayed. With the help of
Eqs. (10), (11), (12), (14) and (16), ΓMπ , Γ
B
π and their
total Γπ can be found whose momentum distributions
are respectively shown by dash-dotted, dotted and solid
line in the Fig. (2). Similarly, ΓN can be deduced by
using Eqs. (18) and (13) and its momentum distribu-
tion is represented by dash line. Panels (a), (b) and (c)
of Fig. (2) are for different set of temperature T and
baryon chemical potential µB of the medium. Though
ΓN is approximately constant with nucleon momentum,
but ΓMπ and Γ
B
π exhibit a peak structure in some point
of ~k-axis, which depends on the medium parameters T
and µB . These momentum distribution of Γπ and ΓN
will be integrated out when we will estimate ζπ and ζN
from Eqs.(8) and (9) respectively.
Let us come to the different loop contributions of pion
and nucleon thermal width in bulk viscosity coefficient
of hadronic matter. Fig. 3(c) shows individual contribu-
tions of πσ (dotted line) and πρ (dash line) loops in ζπ,
which reveals that they are respectively important in low
(T < 0.080 GeV) and high (T > 0.080 GeV) temperature
domain for getting a non-divergent values of ζπ . These
are respectively obtained by putting Γπ(πσ) and Γπ(πρ)
in place of Γπ of Eq. (8). Putting Γ
M
π = Γπ(πσ) + Γπ(πρ)
in place of Γπ of Eq. (8), we get the solid line, repre-
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FIG. 4: (a): Temperature dependence of bulk viscosity for
pion thermal width with mesonic loops (dash-dotted line),
meson + baryon loops (dotted line), for nucleon thermal
width (dashed line) and their total ζT = ζπ + ζN (solid line).
(b): ζ(T ) for c2S(T ) from HRG and two constant values of c
2
S
(c2S = 0.15: dotted line and c
2
S = 0.25: dash line).
senting total bulk viscosity of pionic component due to
meson loops. After a mild decrement in low T (< 0.080
GeV), it receives an increment nature in high T (> 0.080
GeV). Along with Fig. 3(c), where an explicit tempera-
ture dependent c2s is taken from HRG model, the results
for c2s = 0 and c
2
s = 1/3 are also displayed in Fig. 3(a) and
(b), which are little different in nature. Just to show the
phase space sensitivity of bulk viscosity via c2s, these two
results are displaying two extreme limits of c2s. Therefore,
we can understand Fig. 3(c) as some sort of superposition
of 3(a) and (b).
According to Eq. (12) different baryon loops contri-
bution (ΓBπ ) should have to add with meson loops con-
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FIG. 5: ζ(T ) due to nucleon thermal width (a), pion thermal
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µB = 0.250 GeV (dotted line) and 0.500 GeV (dash line).
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FIG. 6: Same as Fig. (5) along µB-axis at T = 0.050 GeV
(dotted line), 0.100 GeV (dash line) and 0.150 GeV (solid
line).
tribution (ΓMπ ) to get total pion thermal width Γπ. In
Fig. 4(a), changing the nature of dash-dotted line to dot-
ted line indicates that inclusion of baryon loops with me-
son loops becomes the reason for reducing the rate of in-
crement of ζπ(T ) at high temperature region, T > 0.100
GeV. Putting our calculated nucleon thermal width ΓN
in Eq. (9), we get ζN as shown by dash line in Fig. 4(a).
Now adding ζN with ζπ we have total bulk viscosity
ζT = ζπ + ζN , (19)
as shown by solid line in Fig. 4(a). In Fig. 4(b), this ζT
(solid line) has been compared with the results generated
for two constant values of c2s (c
2
s = 0.25: dash line and
c2s = 0.15: dotted line), within which c
2
s(T, µB = 0) from
HRG model more or less varies.
At two different values of µB, ζ(T ) due to nucleon
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FIG. 7: (a): c2S(T ) at µB = 0 (solid line), 0.250 GeV (dot-
ted line) and 0.500 GeV (dash line), and LQCD results of
c2s(T, µB = 0) (circles) [3]; (b) :
(
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)
ǫ
vs T at µB = 0.250
GeV (dotted line) and 0.500 GeV (dash line); (c): c2S(µB)
at T = 0.050 GeV (dotted line), 0.100 GeV (dash line) and
0.150 GeV (solid line); (d) :
(
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)
ǫ
vs µB at T = 0.050 GeV
(dotted line), 0.100 GeV (dash line) and 0.150 GeV (solid
line).
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FIG. 8: T dependence of total bulk viscosities (a), entropy
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thermal width (ΓN ), pion thermal width for meson loops
(ΓMπ ) and meson + baryon loops (Γπ) are shown in
Fig. 5(a), (b) and (c) respectively. Similarly, Fig. 6(a),
(b) and (c) are displaying different loop contributions
in ζ(µB) at T = 0.050 GeV (dotted line), 0.100 GeV
(dashed line) and 0.150 GeV (solid line). From Fig. 5(a)
and 6(a), we see that ζN increases with T as well as µB.
From Fig. 5(b), we see the ζπ due to Γ
M
π at finite µB first
decreases at low T then increases at high T . The nature
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FIG. 9: µB dependence of total bulk viscosities (a), entropy
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GeV (dotted line), 0.100 GeV (dash line) and 0.150 GeV (solid
line).
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FIG. 10: Center of mass energy (
√
s) dependence of total bulk
viscosity (a), entropy density from HRG (b) and their ratio
ζ/s (c).
of these curves are quite similar to the curve of ζπ(T )
at vanishing µB but their minima are only shifted to-
wards lower T as µB increases. Following the same story
of vanishing µB, inclusion of baryon loops in pion self-
energy is again influencing on ζπ(T ) in high temperature
domain. The variation with µB of ζN (µB) in Fig. 6(a)
and ζπ(µB) in Fig. 6(b) and (c) are grossly same as their
temperature dependence. For small T and µB, ζN and
ζπ are of similar order. However, with increasing T and
µB, ζN dominates over ζπ. ζN receives additional con-
tribution from
(
∂P
∂ρB
)
ǫ
. One should keep in mind that
the term
(
∂P
∂ρB
)
ǫ
goes to zero for µB = 0. The T and
µB dependence of
(
∂P
∂ρB
)
ǫ
are shown in Fig. 7(b) and (d)
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FIG. 11: (Color online) Our results of ζ (a) and ζ/s (b) vs
T at µB = 0 are compared with the earlier results of Sasaki
et al. (Green triangles down [20]), Deb et al. (Pink solid
squares [25]), Chakraborty et al. (Brown stars [28]), Marty et
al. (open circles [21]), Kadam et al. (Violet pluses [34]), Fraile
et al. (Blue solid circles), Hostler et al. (Open squares [36])
respectively while Fig. 7(a) and (c) are displaying the T
and µB dependence of c
2
s. From Fig. 7(a), we see that
our c2s(T, µB = 0) curve (solid line) is in good agreement
with LQCD results [3] (circles) within the hadronic tem-
perature domain (T < 0.160 GeV). Total bulk viscosity
ζT (a), entropy density s (b) and their ratio ζ/s (c) are
plotted against T in Fig. (8) and µB in Fig. (9) at three
different values µB and T respectively. Since increment of
s(T ) is larger than the increment of ζ(T ), therefore, ζ/s
is appeared as a decreasing function of T . On the other
hand, both ζ(µB) and s(µB) monotonically increase with
µB but the ratio ζ/s(µB) increases first and then de-
creases at high µB domain. Next, Fig. 10(a), (b) and (c)
reveal respectively the variation of total bulk viscosity
ζ, entropy density s and their ratio with the variation
of center of mass energy
√
s (Reader are requested to be
careful on the same symbol s used for entropy density and
square of beam energy). The beam energy dependence of
T and µB used in computation are those obtained from
fits to hadron yields. We have used the parameterization
from Ref. [48]. We notice in Fig. 10 that ζ (a) as well
as ζ/s (c) are decreasing with
√
s, which is qualitatively
agreeing with the results of earlier studies [33, 34]. The
decreasing trend of ζ and ζ/s with
√
s can be understood
from the fact that µB decreases with
√
s while T remains
fairly constant in the range of
√
s analyzed here and ac-
cording to Fig. 9(a) and (c), the ζ and ζ/s decreases with
decreasing of µB.
Fig. 11 is dedicated for comparative understanding of
our results with respect to the earlier investigations. As
most of the works have been done at µB = 0, so we have
plotted ζ (a) and ζ/s (b) against T for µB = 0, where our
results for π- component (red lines) and (π+N)- compo-
nents (black lines), using our calculated τ(~k, T, µB = 0)
7(dashed lines) and constant τ (solid lines), are compared
with the results, obtained by Sasaki et al. (Green trian-
gles down [20]), Deb et al. (Pink solid squares [25]),
Chakraborty et al. (Brown stars [28]), Marty et al.
(open circles [21]), Kadam et al. (Violet pluses [34]),
Fraile et al. (Blue solid circles), Hostler et al. (Open
squares [36]). We see a large numerical band for ζ (10−5-
10−2 GeV3) or ζ/s (10−3-100), within which earlier es-
timations are located. The results of the present work
and Fraile et al. [37] both show similar kind of temper-
ature dependence of ζ - it decreases at low T domain
(< 0.100 GeV) and then increases at high T domain
(> 0.100 GeV). Monotonically increasing nature of ζ(T )
for constant value of τ (solid lines) discloses the fact that
the origin of non-monotonic behavior of dashed lines are
because of explicit structure of τ(~k, T, µB = 0). The
ζ(T ) of Ref. [34] decreases up to T ∼ 0.150 GeV after
which a mild increment is observed. Most of the earlier
works [20, 21, 25, 27, 28, 32, 34–37] based on effective
QCD model calculations [20, 21, 25, 27, 28] as well as ef-
fective hadronic model calculations [32, 34–37] predicted
a decreasing function of ζ/s(T ) in the hadronic temper-
ature domain, which is qualitatively similar with our re-
sults (dashed lines). These are not supporting the fact
that ζ/s diverges or becomes large near the transition
temperature as indicated by Refs. [2, 4, 5], within the
temperature domain of quark phase. Some of the effec-
tive QCD model calculations [22–24, 27], which can pre-
dict estimations of ζ/s in both temperature domain, ex-
posed a peak structure near the transition temperature.
While some of the HRG model calculations [33, 36] have
supported this behavior by displaying an increasing ten-
dency of ζ/s(T ) as one goes towards the transition tem-
perature from the hadronic temperature domain. This
kind of increasing ζ/s(T ) is also observed in our work
when we consider the constant value of τ (solid lines).
Regarding this two opposite nature of ζ/s(T, µB = 0)
within hadronic temperature domain, Ref. [27, 36] have
exposed the possibility of both nature. Ref. [36] shows
that inclusion Hagedorn states (HS) in HRG model can
convert ζ/s(T ) from decreasing to increasing function.
In this context, our results for explicit T , µB depen-
dent τ and constant value of τ are also displaying both
type of nature. Taking shear viscosity η(T, µB = 0)
from Ref. [45], based on same pion and nucleon ther-
mal fluctuations, we get ζ/{(1/3 − c2S)2η} ≈ 5 − 4 and
ζ/{(1/3− c2S)η} ≈ 0.8− 0.7. This is supporting the esti-
mation of gravity dual theory [49] instead of the relation
ζ/{(1/3 − c2S)2η} ≈ 15, followed by photon fields [50],
scalar fields [51] or QCD theory [19]. So our estimation
within the hadronic temperature domain is represent-
ing the strongly coupled picture instead of weakly cou-
pled scenario [19]. Again, at high temperature domain,
our numerical values of ζ/s are matching (after extrap-
olation) with high temperature values of Refs. [19, 52]-
ζ/s(T ≈ 0.200 − 0.400) ≈ 0.002 − 0.001, obtained from
the perturbative QCD calculations. In this regard, our
estimation is indicating a smooth transformation from
the strongly coupled picture of the hadronic temperature
domain to a weakly coupled medium of quarks, instead
of divergence or peak structure of ζ/s near transition
temperature.
IV. SUMMARY
We have gone through a detailed microscopic cal-
culation of bulk viscosity coefficient for hadronic mat-
ter, where thermodynamical equilibrium conditions of all
hadrons in medium have been treated by standard HRG
model, which is very successful to generate LQCD ther-
modynamics up to the transition temperature. The ther-
mal widths of medium constituents in the bulk viscosity
expression inversely determine their numerical strength.
Assuming pions and nucleons as most abundant medium
constituents, we have concentrated on the bulk viscos-
ity contributions from pion and nucleon components,
where their corresponding thermal widths are derived
from their in-medium scattering probabilities with dif-
ferent mesonic and baryonic resonances in the hadronic
matter. Owing to the field theory version of optical
theorem, the imaginary part of pion and nucleon self-
energy (on-shell) at finite temperature give the estima-
tion of their corresponding thermal widths. In the one-
loop diagrams of pion self-energy, we have taken different
mesonic and baryonic loops, while pion-baryon interme-
diate states are considered in the one-loop diagrams of
nucleon self-energy. Their thermal widths are basically
on-shell values of their corresponding Landau cut con-
tributions, which disappear in the absence of medium
and therefore, these are inversely interpreted as their re-
spective relaxation time, which proportionally control the
numerical strength of transport coefficients like ζ. Our
result show that ζ(T ) at µB = 0 increases in the high
temperature domain (0.080 < T (GeV) < 0.175) but a
decreasing nature of ζ(T ) has also been observed at low
T (< 0.08 GeV). The πσ and πρ loops of pion self-energy
are respectively responsible for the decreasing and in-
creasing nature of ζ(T ) at low and high T domain. Ad-
dition of baryon loops in pion self-energy mainly make
ζ(T ) reduce at high T domain. Bulk viscosity for nucleon
component monotonically increases with T . At finite µB,
the nucleon component of bulk viscosity is highly dom-
inating over the pion component. Adding nucleon and
pion components, the total ζ increases with both T and
µB. However, after dividing by total entropy density, ζ/s
appear as a decreasing function of T and with the vari-
ation of µB, it increases first at low µB region and then
decreases at high µB region. Along the beam energy axis,
the ζ and ζ/s both decreases, as noticed in some earlier
works [33–35].
During comparison with earlier results of ζ/s(T ) at
µB = 0, one can notice that the qualitative as well as
quantitative nature is not a very settled issue. Some of
them [2, 4, 5] indicated divergence tendency of ζ/s near
transition temperature, some of effective QCD model cal-
8culations [22–24, 27] revealed peak structure near tran-
sition temperature, whereas most of the effective QCD
model calculations [20, 21, 25, 27, 28] as well as ef-
fective hadronic model calculations [32, 34–37], includ-
ing our present work, predict a decreasing function of
ζ/s(T ) in the hadronic temperature domain, with few
exceptional HRG calculations [33, 36]. Our decreasing
ζ/s(T, µB = 0) is representing a strongly coupled pic-
ture in the hadronic temperature domain, whose smooth
extrapolation to high temperature domain agrees with a
weakly coupled picture [19].
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